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Abstract

Triangularization of input-output tables is commonly used as a measure for international
and intertemporal comparisons of hierarchical production structures. The triangularization
problem is here considered as a maximization problem, and necessary and sufficient condi-
tions are formulated. We presented a branch and bound algorithm that takes advantage of
these conditions for bounding the number of permutations that must be examined to find the
optimal solution. We also define conditions for suboptimal solutions with the optimal solu-
tion as the limit when the number of sectors in the search tree converges towards the total
number of sectors. The convergence property of the al gorithm is illustrated by computing the
suboptimal solutions for the input-output tables of 1970, 1980 and 1985 for four Nordic
countries. We find that the hierarchical similarity of production structures holds over time

among these Nordic countries.






1 Introduction

Triangularization of input-output tables is commonly used as a measure for international
and intertemporal comparisons of hierarchical production structures, The triangularization
problem is traditionally solved as a maximization problem; find the greatest sum of elements
below the principal diagonal of an input-output table by permuting the industry order of the
table. The number of permutations that must be examined to find this optimal solution in-
creases with the dimension of the table. The larger the dimension, the more efficient must an
algorithm be in bounding the number of permutations examined.

Heuristic algorithms based on ringshift permutations are mostly used for solving the trian-
gularization problem. The number of permutations that is examined by such algorithms is
bounded by the ringshift permutation theorem, e. 8. Korte and Oberhofer (1970) and Fukui
(1986). This theorem only states a necessary condition for the optimal solution. We cannot
know whether the suboptimal solutions produced by such algorithms also are optimal solu-
tions. A sufficiency condition for the branch and bound method was introduced by Haltia
(1992). He also showed that an optimal solution, given by the sufficiency condition, cannot
be improved by iterative use of the ringshift theorem, whereas the opposite is not true.

Haltia (1992) addressed the triangularization of input-output tables as a minimization
problem. Already, Ostblom (1986) had presented a branch and bound algorithm that finds a
solution of the triangularization problem by minimization, although his algorithm did not take
advantage of the sufficiency condition. The present paper shows that the minimization prob-
lem is dual to the traditional formulation of the triangularization problem. We state necessary
and sufficient conditions for the maximization problem. The algorithm presented takes advan-
tage of these conditions for bounding the number of permutations examined when searching
for the optimal solution. When matrices are large, the algorithm also takes advantage of
another condition for bounding the number of permutations. We therefor define the condi-
tions for a suboptimal solution. In the suboptimal solution, the number of sectors in the
search tree is less than the total number of sectors. As with the heuristic algorithms based on

ringshift permutations we now search for approximate solutions to the triangularization
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problem. With our algorithm the suboptimal solutions converge to the optimal solution as we

let the number of sectors in the search tree increase.

The convergence properties of the algorithm are illustrated by computing suboptimal
solutions for the input-output tables of 1970, 1980 and 1985 for the four Nordic countries
Denmark, Finland, Norway and Sweden. We also examine the intertemporal similarity of
hierarchical structures of production for the Nordic countries. The present paper gives some
more support to the findings of similar production structures among different countries made
in international comparisons by others, c.f. Chenery and Watanabe (1958), Simpson and
Tsukui (1965), Korte and Oberhofer (1971) and Fukui (1986). The hierarchical similarity of
production structures among countries also holds over time for Denmark, Finland Norway
and Sweden.

The paper first introduces an alternative approach to the traditional triangularization
problem, where the sum of elements below the diagonal in an input-output matrix is maxi-
mized. We then maximize the sum of negative differences between the elements below and
the symmetrical elements above the diagonal. Finally, we present a triangularization
algorithm and illustrate its convergence properties for large matrices. The paper also reports
the result of using the algorithm to study the intertemporal similarity of production structures
among Nordic countries. Appendix I includes detailed tables showing the convergence
properties and the similarity of production structures. Appendix II gives the computer
program and appendix III presents triangularized input-output tables for Denmark, Finland,

Norway and Sweden.!

2 Background

Analysis of the hierarchy of sectors leading from primary goods to final products forms a
basis for a comparison of production structures. The standard method of arranging sectors

into hierarchical orders is triangularization of flow matrices or coefficient matrices. The

LThe computer program is available from the author.



circular interdependence in production, however, does not permit us to observe a perfect
triangular system of production. The circular flows of goods and services are affected by
changes in the organisation of production as well as changes in the pattern of final demand.
Influences from final demand affect the flow matrix but not the coefficient matrix. The eco-
nomic significance of the hierarchical interdependence is that effects of changes in final
demand spread through the economy from higher to lower sectors, and that reactions in the
opposite direction, resulting in a continuing series of repercussions, are quite limited.

A measure of hierarchical interdependence is the degree of linearity. Hierarchical interde-
pendence or circular structure will, however, differ between the flow matrix and the coeffj-
cient matrix. When triangularizing the flow matrix, the magnitude of interindustry transac-
tions and thus also the circular structure is affected by the pattern of final demand. After
triangularization of an input-output matrix we find that production processes can be grouped
into blocks such as: Non-metal final, Non-metal basic, Metal, Energy and Services. Produc-
tion processes in the block Non-metal final, which is linked directly to final demand, are
recorded as processes of higher order. Production processes in the blocks Non-metal basic,
Metal and Energy are of lower order, and processes in the Services block, which is linked
mostly to intermediate demand, are of lowest order.

Figure A shows a matrix for which rows and columns can be rearranged to give a perfect
triangular shape as illustrated by figures B and C. The ordering of sectors w in A is n(l)=1,
T(2) =2, n(3) = 3, n(4) = 4, n(5) = 5. The positions of P, primary input, and of D, final
demand, are left unchanged by the triangularization process. When maximizing the sum of
elements above the diagonal, or equally a minimizing the sum of elements below the diagonal,
the ordering in figure A is permuted to 7(1) = 3, (2) =2, n(3) =4, n(4) = 5, 7(5) = 1. This
is illustrated by figure B. If we instead maximize the sum of elements below the diagonal, the
resulting permutation gives an ordering in figure C reversed to that in figure B. The sum of
elements above the diagonal in B is equal to the sum of elements below the diagonal i C.

Triangularization of a matrix will in the following refer to the situation depicted in figure C,



A B C
123 45D 3 4 51D 1 5423D
ifx 0000+ P+ + + +1+ 1% 0000+
2|+ % 0 + +1+ 210 x + + +{+ 5|1+ % 000+
3+ + 0w+ ++ 410 0% + + |+ 4|+ +% 00+
4l+ 00 0+ 510 0 0% +|+ 2l+ + +>x 0} +
51t 00 Ay 110 0.0 034+ ] Gk bl N
Pl+ 7+ + + % Pl+ ++ + +1 Pl+ ++ + +1%

The triangularization problem cannot be solved by analytical methods but belongs to a
class of NP-complete problems?. Insted, we must use some kind of search algorithm to solve
the triangularization problem. For small matrices, all possible permutations might be searched
and that with the largest sum is chosen. This method, however, becomes less attractive and
even most impractical when the number of sectors increases. The number of sectors hasa
factorial relationsship to the number of possible permutations. With 5 sectors, the number of
permutations is 5! = 25, but with 20 sectors we have 20! =2,4329 x 10" possible permuta-
tions.3 The algorithms proposed for handling the triangularization have used different criteria
for bounding the set of permutations. These criteria can produce different solutions, some-

thing that has been convincingly demonstrated by Howe (1991).

3 Formulation of the problem

Let x be a permutation of Ny ={1,2,...,n}. The permutation 7 = (n(1),%(2),... ,x(n))
generates a rearrangement of the sector order in the n*n non-negative interindustry
transaction table X = {xij} into the order X(m) = {x,j(it)}. We define the sums R(X(n)),
R'(X(x)) and R"(X(m)) for the matrix X(r). R(X(x)) is the sum of negative differences
between the elements below the diagonal and those symmetrically positioned above the

diagonal. R'(X(m)) is the sum of positive differences between the elements above and the

2The time required to soive NP-complete probl is a non-poly inal function of the size of the problem (e.g. the order of the input-output
matrix).

3Even by checking 7.7147 x 10*° permutations per second, with 20 sectors it will still take a year to search through all perrmitations.



symmetrical elements below the diagonal. R"(X(r)) is the sum of elements below the
diagonal.
The triangularization problem is usually stated as a problem of finding a permutation n*

such that 7* = argmax R"(X(n )). Here we will instead search for the permutation n* for
n:

which n* = arg max R(X(n )) and show that its dual formulation is the minimization
b

problem ©t* = argmin R'(X(n )) stated by Ostblom (1986) and by Haltia (1992). The sum

R(X(‘Jt )= Zxa, 7) = xs(x} for x4(n) < xx() (i > /) can be rewritten as:
i>f

qu(n) xx(m) for xi(m) <xi(x); (i >
R(X(r ) =4 3 )= xalx) - [eolr) - x5 (m)=4 >

i~ 0 forxy(m) > xa(x); (i >J)

and the sum R'(X(r )) = 2 xilm = xal7) forxey ) > xaln) (5 > 7) can be rewritten as:

>

Z xi(m)- xﬁ(ﬂ) for xi(n)> xi(m); (J>0)
( ) 7 qu ‘xy xﬁ(ﬂ)l =

0 for xy(n)Sxﬁ(n); (Jj>1)

The limits for R(X(n)) and R'(X(%)) are: >oxilm—xiln) < R(X(x )) <0 and

i>f

0< R'(X ( ) Z xil 7 . We also note that R(X(n)) = -R'(X(x)) and thus we have

the following dual problem: argmax. R(X(r)) = argmax -R'(X(n)) = argmin R'(X(m)).

Elements xjj(m) and Xji(m) can take different positions in X(m) for different permutations ,
but they remain in symmetrical positions. When elements in a symmetrical position pass over
the diagonal, the difference Xjj(m) - Xji(T) changes sign but its absolute value will not change .

Therefor, the sum of absolute differences, between the elements below and the symmetrical

elements above the diagonal’” |x,(r) - xs(x) , is the same for all permutations 7. The sum of

()



symmetrical elements is ., xy(#)+xx(x) and thus 3 xilw) =3 xulm)+ xaln) =3 xalm)

i»f i»f i>f i>f
The sum R(X(x)) can now be rewritten as:

R(X(u ))=%ny{1:) ‘xq(n} X u)l —qu {r)= -’-Zx:, 7) + xilm )——lei,{n —x,a(n)|

if i»j i>j i»f

The two last terms on the right hand side, > xi{rt) + xs(n) - 13 |xilm)- xlm) , vary
i>j i»J

only with the sum of symmetrical elements and the sum of absolute differences. These sums

take the same values for every permutation 7 and obviously, R(X(x)) will be maximized only

when 3" xi(m) = R”[Iﬁ(ﬂ)] is maximized. Also, R'(X(r)) will be minimized only when

i>f

S xyln) = R"[xs(m)] is maximized as argmax R(X(r)) = argmin R'(X(m)). Thus R(X(r)) =

i>f

R(X(r+)) implies both R"(X(r)) = R"(X(r*)) and R'(X(m)) = R(X(n*)).

4 The solution algorithm

Sector 7(k) contributes to R(X(r)) by the subsum 7{zs|z8-1,28-2,.,21), which is dependent of
how we choose the sectors 1(1),7(2),...,x(k-1) in the permutation x. Suppose we already

know the k-1 positions in the permutation 7 then we can choose among n-k+1 possible

sectors for (k). We define the subsum r(ze|ze-1,26-2,,21) Z xal7)— xu(n) for

i>k

xal ) < xu(7) (i > k). The operator r(.) thus sums only negative differences zx = xiel 71) = xuil 7)
for i>k given the differences zx-1,2¢-2,...,21 and there are n-k+1 different values to chose

among for (/) at step  as there are n-k+1 possible sectors for n(k). The triangularization

problem is now stated as to find the maximum R( ) R(z,,... ,) =r(z1) +r(zalz:) +
+f(Zu = 2i2n-3,z:1-4,...,21) + r(z,. = tIZH-J,Zn—J,__,Zi) .

Before defining the conditions for the maximum we introduce the following sums to be
used in the theorem and corollaries. Define the following sums, where an asterisk denotes the
optimal solution and o #*:

R(Z;’- : '12;—1) =r(z !z;_i,,n.,z;) +r(z;+,

R(L’;: ’zm) = r(z: |z;_,,...,z,‘) + ’(ztu |z;,z;_,,..,z;)+... +r(zul-1|zm-2""’z; ,z;__,-.,z;) + r(zmlzm_l,-,z;,z;_r..,zf‘)

P PO gl P ) D I )



Also, define R(z, ..... . ) = r(z:) +r(z;l:z)+...+r(zx - 2|Zk—3,21—-4,...,21) +r(z: = dzt-z,zx-s,_,z;)_

For m = t* we have that R(z, ,...,z,_,) = R(z,' ..... z;_,).

THEOREM 1*: The permutation #*= argmax R(X(r )) is absolutely optimal, if for every
b3

k 1<k<n-2, thereism, k <m<n-1, such that R(X(Tr')) (z,,, “Z, ,,,,) R(z,:, )

where o #*.

PROOF: Theorem 1 states that any of the following inequalities must hold for &

[m=k  R(z,..z.)>R(z)

m=k+1 R(z;,...,z,,_, >R(z,, siit)
b, ” . b

m=n-2 Rz}, . .z,)> R(z,....z,,)
m=n-1 R(z,..z,)>R(z,..z

n—1
J

Assume there is z° such that the inequalities above do not hold, i.e.
Rz}, 0z ) <R(z2) = Rlz), 2, ) <Rz, 0z, ) for men— 1. Hence
RX(7)) = R(z}, o))+ Rz, < Rlghnzl J 4 R0, ooz ) wiliiiiing
contradiction to the assumption of 7* and thus Theorem 1 states a necessary condition for
¥

Theorem 1 also states that m and # should exist for * such that the inequality R(X(n'))
=Rz}, s rpet)+ Blgf s s,) > R(, o2 )+ Rz, 2.) lways holds, Thea R(x(x*))

=Rl ) R 2 ) > R o)+ R 2,) 4 ettt o2) s

always true as all subsums r(-) < 0. Hence, there is no R{X(n )) greater than R(X(ﬂ:')) and

Theorem 1 also states a sufficient condition for *.

COROLLARY 1: A sufficient but not necessary condition for 7+ is R(z; o ,) > R(z;)

for i<k <n-2, and o=+,

%mupondingﬂnwnnfuthdnlmﬁnitﬂimpoﬂmhdﬁwdbyﬁdﬁn(l”?)
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PROOF: The proof follows from Theorem 1 by putting m = k. Corollary 1 is not a necessary

condition because R(z;,...,z:_,) < R(z}) can still produce R(z;z,,_,) >R(z,...,z,) asall

subsums r() <0.

COROLLARY 2. If the sufficiency condition in Corollary 1 holds for all &, the maximum sum
R(X(*)) is the sum of submaxima R’(X(x)) = R*(z,,...,2,...,z,_,) defined as:

R‘(zI gy ,‘..,z,,-,) = r‘(z:)+...+r’(z&|zx-r,_,z:)+...+r’(zn - aEzn-z,_.zz,...,z:) where for all £

r’(lezx-:,...,z:) =max r; (zxtz::-z,...,z:) isn—-k+1.

PROOF. For Corollary 1 to hold it must be that R(z;,...,z.,)> R(z],...,z.) as all subsums
r(-) < 0. This can be true iff r(z; |22 ,,..,z,‘) = r'(z, |z ,,.,,z;) and when repeated for all &,
R(X(n*)) = R*(X(x)).

COROLLARY 3. The maximum R(X(7*)) will not necessarily be the sum of submaxima
R*(X(r)) and we can have that R(X(n*))> R*(X()).

PROOF. Suppose there is & for which the sufficiency condition of Corollary 1 not holds;
R(z},...,z.,) < R(z;). Clearly, for the first term of R(z},...,z, ,) we could have either

r(z; |z;_ ,,..,z;) = r‘(zJt |z, 1,...,21) or r(z; zp_ ,,..,z,') # r‘(zk |z sy ) The necessary condition of

Theorem 1 must hold, and with r(z; zy I,...,z;) % r‘(z,: |zk_ ,,...,z,) = r(z; 2 ,,...,z;) we have that

r(z;]z;_‘,,...,z;) +Hz,., |z;,z;_,,_,z;)+...+r(zm, k‘__z,.,z;,z;_,._,z;) + r(z,,,lz _,,..,z;,z;_r.-,z;) <R(z,...z.,)
At least one subsum of R(X(n *)) is thus not a submaximum and it follows that R(X(n *))

> R'(X(ﬂ:)).

The algorithm starts by computing the sum of submaxima R‘(X(n)) =r*(z1) +r*(zaz1) +
otr(zn- 2izn-3,z,.-4,..,21) +r' (z,. & ;Izn-z,zn-s,.._,z:). In view of Corollary 3 we must verify that
the sum of submaxima is a true optimum and satisfies the sufficiency condition. We then

examine the sufficiency condition by backtracking to a position 1 < ¥ <n -1 where Corollary
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1 does not hold; r‘(z,, th_,,_._,zl)+r’(zh,|zk,_,z, )+...+r‘(z,,_, ”_2,._,zk,..,zl) < r‘(z; |zt_ P_,zj)

for r:( PA . 121) % r"(z: lz,. i ) We now have the first & positions in the permutation 7;
n(1),7(2),...,n(k-1),7(k). As Corollary 1 not holds at position & we try the alternative
permutation n°; 7(1),%(2),...,n(k-1),x°(k),...,m(m). The permutations that will not satisfy the
necessary condition in Theorem 1 are rejected and the alternative permutation that gives a
sum R(z;,...,z,,,) > R(z,,...,z,,_,) is expanded further until m=n-1. If there is no sum

R(z;,.. .,z,,,) < R(zk soony i ,) we again backtrack to a position where Corollary 1 does not
hold, and try new alternative permutation. This is continued for all k and if still

R(z,....z,) < R(z,,....z, ) when k=1, the process stops with R{X(x*)) = R(x(x))
(initially we have R(X(x)) = R‘(X(n:))). If we reach the position m=n-1, the process starts
again but now with the alternative permutation n° in place of . We are no longer on the path

of submaxima and again the process will terminate when position k=1 has been examined.

5 Large matrix properties

The process above sets an upper bound for the number of permutations searched by the
algorithm. This bound may not be efficient enough (in terms of computer time) when matri-
ces are large. When triangularizing such large matrices, we set an upper bound that gives a
suboptimal solution of the triangularization problem. This solution converges towards the
optimal solution, as the upper bound increases. The lower the value of the upper bound, the
more approximate is the solution of the triangularization problem and the higher the value of
the upper bound, the closer we get to the optimal solution.

Let nt be the upper bound for the number of subsums in R(z,,...,z, ) We examine at least
two subsums and at most »-1 subsums and thus 2 < it sn-lgiving 1<¢ -k < nt—1.For
the optimal solution we have especially that £=nt =n—1 . This implies that 1<ksn-2 |

k <m<n-1 and Theorem 1 applies.
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DEFINITION: The ordering 7° is a relatively optimal ordering if for any £, nt <£<n-1 and

any k, {-nt+1<k <{-1 thereism, k <m<{ such that R(z:,...,zé’) > R(z;,...,z,,,) where
>## . Thus the following inequalities should always be true for £, k and m:

(m=k R(zi,...,z}’):»R(z;) l
m=k+1 R(z‘;,...,z;’) > R(z;,...,zh,)

m=£-1 R(z:,...,z',") > R(z;,...,ze_,)
im=£ R(z:,...,z:')>R(z;,...,z, )

4

THEOREM 2: For any given nt, each ordering 7 other than n° generates a sum R(X(n:))

sR(X(n:")).

PROOF: The proof is given by Theorem 1 with nt=n—1.

THEOREM 3: For 7 =" we have R(X(n)) < R(X(x")) for any nt, 2 <nt <n-1.
PROOF: We have that R(X (")) = R(X(r")) for nt=n-1 according to Theorem 1 but
RX(x))™™" > R(X(x"))"™™" which contradicts the assumption of R(X()).

When applying the algorithm for large matrices we start from nf <n-1, say nt°, instead

of nt = n—1 and increase nf until R(X(n° ))m = R(X(‘n:" ))mr = Max[R(X(fc" ))m"—l p_—

R(x(x) L}

When nt <n—1 and we still want to try if R(X(ﬂ:" ))M can be increased, we start the proc-

ess again with nt° =nt” +1. At each step, for nt, put k=¢-nt+1. Start from {=n-1 and

decrease ¢ until &=1. For decreasing €, take as the rule R(zj’_,,,,. w52y ) =0 to put £ equal to ¢-

m in the next step. For every ¢ continue as with the algorithm described for finding the opti-
mal solution, nt = n~1, in preceding sections. The suboptimal solution coincides with the
optimal solution at the final step for ¢ if the permutations n(k), m(k+ 1),...,m(£-1),7(£) and

k), *(ke+1),...,m#(€-1),70%(£) are rearrangements of the same set for every £>1.
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Only the dimension of the matrix and the number of circular relations in the matrix can set

a computational time limit before we reach nf =n—1. The suboptimal solutions converge to
the optimal solution at nt = n— 1. This convergence can be measured by the degree of linear-
ity, R"[xﬂ(n)] / > xi(n) , for different suboptimal solutions.

i=f

6 An example of convergence and intertemporal similarity

The convergence of the algorithm is illustrated in figure 1 for n=24 with the input-output
tables of Denmark, Finland, Norway and Sweden for the years 1970, 1980 and 1985.
Convergence is reached at different values of nt. The Danish table of 1970 (DAN70)

Figure 1 Difference in linearity compared to the initial solution when the upper bound
nt increases,

1970 1880 1988
0.44 1 0.37 0.35
0.43 0.38 4 0.34 4
e 015 0.33
0.41
0.40 0.34 4 032 4
0.3 b 033 0.3
D 0.38 0.32 4 D 0.20 4
i 0.37 § i I
0.30 g o3 fom
f 0.35 { 0.30 4 f 0.28 4
T 034 4 @ 0.29 4 @ 07
e 0
o a3 r 028 T 028
@ 031 e 927 4 @ 025 4
0.20 4 M 028 | ? 024 ]
" o2 c ¢
"3'234 CER o 02
[ Y ——om Lk 022
028 — i~ 0.23 { 0.21 4
0.5 h—on L¥-] 0.20
0.24 ——we
0.2 4 o021 0.19 4
022 4 0.20 0.8 e
02 46 8101214181820 0 2 46 8101214181820 02 46 8101214181820
Upper bound nt Upper bound nt Upper bound nt

converges for n=14, DANSO for nt=16 and DANSS for nt=17. The Finnish table of 1970
(FIN70) converges for nt=16, FIN80 converges for n=13 and FIN85 converges for nr=15.
The Norwegian table of 1970 (NOR70) converges for n==13, NORS0 converges for n=9 and
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NORSS5 converges for nt=15.The Swedish table of 1970 (SWE70) converges for nr=20,

SWESO0 converges for nt=14 and SWE85 converges for nr=12. The triangularized tables are
given in appendix IIT.

Table I in appendix I suggests that sectors can be arranged in a similar order among the
Nordic countries over time. Foods, beverages and tobacco products and Textiles and lether,
which link directly to final demand are recorded as sectors at the top of the production hier-
archy. The energy sectors, Petroleum refineries and Utilities, together with Communications
are recorded as sectors at the bottom of the production hierarchy. We note that several solu-
tions with the same value for the degree of linearity can exist. This is due to zero differences
between above-diagonal and below-diagonal symmetrical elements.> We have four solutions
for FIN70, NOR70, NOR80, SWE80 and SWES8S, three for SWE68, two for NOR85. For
DAN70, DANS0, DAN8S, FIN80 and for FIN85 unique orderings are identified.

Table 2 Spearman rank correlation coefficients
among pairs of countries

1970 1980 1985
FIN-SWE 6191 8783 8730
DEN-FIN 5661 8348 8730
DEN-SWE 8461 7452 8252
NOR-SWE 7817  .8261  .8783
NOR-FIN 5104 8270 9687
NOR-DEN 8600 7713 8591

Production structures for pairs of countries are compared by Spearman rank correlation
coefficients in table 2. Correlation coefficients for pairs of countries are high and increasing
over compared years. This gives further support to the findings of hierarchical similarity
between different countries reported in international comparisons made by others (c.f.
Chenery and Watanabe (1958), Simpson and Tsukui (1965), Korte and Oberhofer (1971) and
Fukui (1986)). Inspection of table 2 also confirm the impression in table I of the Appendix,

5The existence of zero differences is examined outside the algorithm by a recursive procedure (cf. Ostblom (1986), p.102).
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that the hierarchical similarity between countries holds also over time for Denmark, Finland

Norway and Sweden.

7 Conclusions

The triangularization problem was here considered as a maximization problem, and neces-
sary and sufficient conditions were formulated in theorem 1. We presented a branch and
bound algorithm that takes advantage of these conditions for bounding the number of permu-
tations that must be examined to find the optimal solution. We also defined conditions for a
suboptimal solution (theorem 2) with the number of sectors in the search tree being less than
the total number of sectors. It was proved (theorem 3) that the optimal solution is the limit of
the suboptimal solutions when the number of sectors in the search tree converges towards the
total number of sectors.

The convergence property of the algorithm was illustrated by computing the suboptimal
solutions for the input-output tables of 1970, 1980 and 1985 for the four Nordic countries
Denmark, Finland, Norway and Sweden. We also examined the intertemporal similarity of
hierarchical structures of production for the Nordic countries, We found that the hierarchical
similarity of production structures among countries holds over time for Denmark, Finland

Norway and Sweden.
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APPENDIX I

Table I Ordering of sectors in triangular arrangement.
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Label of sector DART0 _FIN70 NOR70  SWEGB | DANBO _FINBO  NORBO — Swess DANBB __ FINB5  NORBS  GWESS
1 Agriculture ] T 5 [ 3 6 5 B 6 7 kH 6
2 Forastzy 5 1 6 5 20 5 6 178 5 6 6! 5
31 Fishing 1 6 1l T 7 1 20 5 1 5 5 1l
4 Mining,quarringtdrilling* 20 5 20]t 201 2 3 1 1 3 1 1 20];
5 3 3% 17]t 9+ 17 20 k) -] 20 3 3 170
& Bstobacco prod. 13 1l L 3 [] k] 15 203 17 20 20 7
7 & lsather [ 20 15 8 5 17 16! 9 8 17 17 9
B Wood and wood products 15 13]; 16 2 13 9 17; k] 7 ] 9 8
9 Paper & paper products B 21 14 15 1 [:] i) 2 13 L 15 2
10 Printing & publishing 2 10 8 13 3 2 8 15 2 13 8 15
11 Chemicals 7 17 ki 16 15 13 7 16 15 2 2 16
12 Rubberiplastics 17 9 11 1 16 15 11 13 16 15 16 1
13 Non-metal mineral products 16 ] 13 17 14 16 13 12 12 16 14 13
14 Basic matals 14 2 4 14 1 14 L} 4 14 12 13 L}
15 Machineryétransport equipmen 11 11 21 4 21 12 21 4 11 4 21 7
16 Electrical prod. 21 22 12 21 12 11 12 7 21 11 12 11
17 Other manufacturas 12 15 10 22 22 ) 10 11 22 4 11 21
18 Petroleum refinecies 22 16 9 24 24 21 9 21 24 21 i8 22
19 Utilities 24 1 22 12 10 22 22 22 10 22 ‘ 2
20 Construction 10 . 2 11 9 21 2t 21 9 2 22 12
21 Trace 9 12 18 10 23 23 18 10 19 19 24 10
22 Transport 19 23 24 23 19 19 H 19 23 18 10 19
23 Communicatons 23 19 19 19 18 10 19 23 18 10 19 23
24 Services 18 18 23 18 i 18 23 18 1 21 23 18

Table IT Degree of linearity when the number of sectors in the search tree (nt)

.

1ncreases.
NT DANTO __FINTO NORT0  SWEGS DANBO FINBO NGRSO SWE80 | DANBS  FINES _ Nomes - swees ]
INITIAL 4122 EYIT) BYET] 4168 4263 NTF) Si768 1648 L4601 L4567 4753 4732
2 .7548 7526 L6748 7312 7102 L1112 T . 6650 L7140 7631 -T436 L6601
3 L7587 7565 6876 7312 .7166 .1ma .T439 L6697 7238 .7632 BT 6621
1 7587 1578 . 6300 7321 .7210 .19 7452 6706 L7238 .7632 L7484 L6780
5 7584 1626 L6979 .7323 LT L7719 7538 6704 L7187 .7638 7522 L6740
5 .7550 L7644 6988 L7366 L7249 L7718 .7538 L6948 .7256 1842 7566 L6780
3 .7584 1170 7000 7336 L7343 .T952 L7487 L7125 1262 L7849 L7617 .6740
a L7645 .7851 .708% 7336 .15 .8021 7589 L6796 1322 7858 7619 L6740
9 L7708 .7962 .7525 1603 L7543 7965 L7641 . 6853 7583 1790 L7619 7156
10 1M .1970 7396 7603 .7573 .8108 LTRIL .1139 .7583 7936 7619 L7151
11 .7185 L7970 7612 7644 i .8102 7641 .7069 .7605 L7941 .7619 L7374
12 .7833 L1976 .7598 7644 7524 .8104 7562 L7140 .7583 .7958 L7619 L7543
13 7839 7981 .7652 .7822 L7644 L8105 7641 .7684 L7631 .7958 7619 7583
i1 7857 .8003 L7652 .7822 7597 8105 L7641 L7686 L7612 L7958 7619 L7583
15 .7857 .7989 L7652 .7884 .T644 L8105 LT64L 7686 7632 L7961 .7619 L7543
16 .7857 .8047 . 7652 .7900 7652 .8105 L7641 . 7685 L7632 7961 7619 L7543
17 .7857 .8023 .7652 1900 7652 .8108 L7641 .7686 7637 L7961 .7622 7543
18 .7857 L8047 7902 7652 .8108 RITT .7686 7637 7361 L7621
19 . 7867 8023 7904 .8105 . 7686 .7637 7622
20 L8047 .7909 .8107
21 . 7909




APPENDIX II

The computer program

GAUSS-3861 VM Version 3.01

#linescff;

load path = c:\triang\data;

print "Name of io-matrix";

filel=cons;

print "Number of sectors";

n=con(l,1);

print *Number of sectors in the search tree”;

nt=con(1l,1);

print "Name of permutation vector";

file3=cons;

bal=chrs(92);

stig = me:n$+bslS+"triang”$+bslS+"data~S$+bsl;

file3 = stig $+ file3;

loadm x(n,n] = ~filel;

output file = ~file3 reset;

cutput file = ~file3 off;

start = =-9999999999999999;

ppmax = O;

cnkmax = 0;

pmax = zeros(1l,n);

test = start;

nt0 = nt;

rtime0 = Q;

yl=ones(l,n};

y2 = yl;

nynt:

timeO=date;

z=zeta(x);

m=n = 1;

ittn = n;

if nt > n;

nt = n;

endif;

ittm = ittn - nt;

if ittm < 1;

ittm = 1;

endif;

ittp3d = m;

mé=m+d;

m3=m+3;

ml=m+1;

mZ=m+2;

p2=zercs(l,n);

p3 = p2;

ceros=zerosin,1l];

ccO=zeros({n,md);

p00 = talserie(n);

nystart:

ce=zeros(n,m4);

cl=zeros{l,n};

pl=zeros(l,n);

vli=zeros(l,n);

p0 = p00;

ict=1;

y0=0;

do until itt > ittp3;
vl=urval(yC,p0):
z0=submat (z,vl,v1l);
c=sumc(z0)};
cind=rev(sortind(c));
cliitt)=cfecind{yl(itt]]];
plitt)=vl(cind([yl[itt]l]];

Jx*w+gkapar testmatris***¥/
it=1;
do until it > itt;
celit,itt]=cl(itt];

16



1t=it+l:

endo;

kant=ittp3-itt+l;

if yl(itt] >= kant;

i1 = 1:

else;

ii=yl[itt]+1;

endif;

ce(itt, m2)=c{cind(i1]];

cclitt,md] = vi[cind([iLl]];

colitt, m3)=i1;

cef.,mli=sumc(cc(.,l:m]');
/****gkapar testmatrigt**sv/

if test >= cc{l,ml];

testl = 0;
nyrad:
cl[itt]=0;

pllitt]=0;
yl{ite] = 1;
ce(l:m,itt]=ceros(l:m,1];
cc(itt,m2]=0;
ccf{itt,m3]=0;
ccitt,md]=0;
itt=itt-1;
if itt < ittm;
break;
endif;
pitt=pl(itt];
let vnames= vl pitt;
vip=mergevar({vnames| :
vi=sortc(vlp',1);
Vieyl';
pO=vl;
yO0=0;
if itt > ittn;
goto nyrad;
endif;
[rwwervgufficiency tegtHwwws/
i Axt: > 1
testl = testl + cl[itt];
test2 = sumc(el[l:itt-1]"') + celitt,m2};
if testl > cclitt,m2] AND test >= test2;
i if testl > cclitt,m2];*/
/* if test >= test2;+/
goto nyrad;
elseif ccll,itt] == Q;
goto nyrad;
endif;
endif;
/*'*'*sufficiency testrrewrsy
if cclitt,m3] > kant;
goto nyrad;
else;
yl[itt] = cec(itt,m3];
endif;
else;
yO=vl(cind(yl{itt)]];
pO=vl;
itt=1itt+l;

endif;

endo;

if itt >= ittp3;

test = cc(l,ml]:

ccl = cc;

cZ2 = cl;

pZ2 = pl;

p2littn] = setdif(p00',p2',1);

P4 = p2 + p3;

Y2 = yl;

format /rd 4¢,0;:

print;

print "ittm" ittm;

print "ittn" itrn;

zZ=submat (x,pd,p4);

zzO=lowmatl (zz);

pp=sumc(zz0);

Pp=sumc (pp)-n:

prankapp/(sumc(sumc(lowmatl(zz)+upmatltzzl))—Z*nJ;

print;

print p4;

17



format /rd 8,1;

print "Sum of elements below diagcnal= " pps

goto nystart:

endif;

ittk0 = ittn;

do while ccO(ittkO,ml] == O;

ittk0 = ittk0 - 1;

if ittk0 < 1;

break:

endif;

endo;

ittn0 = ittk0 + 0;

if ittn0 > ittn;

ittn0 = ittn:

elseif ittn0 < nt;

ittn0 = ittn;:

endif;

p3(ittnO:ittn] = p2(ittnO:ittn]:

p00p3 = setdif(p00',p3',1);

p00 = pOOp3':

ittn = ittn0 - 1;

ittm = ittn - nt;

1f ittm < 1;

item = 1;

endif;

ittp3 = ittn - 1;

1f iten > 1;
y5 = ones(l,n);
y2 = y5;
ps = zeros(l,n}):
c5 = p5;
y00 = 0;
p000=p00;
ittk = 1;
do until ittk > ittn;
vS=urval (y00,p000);
z0=submat (z,v5,Vv5);
ceb=gumc (z0);
cindS=rev(sortind(cc5));
kantcS = ittn - ittk + 1;
do while y5[ittk] <= kantc5;
p5{ittk]=v5[cinds(yS5[ittk}]]:
if p5littk) == pd(ittk]:
break:;
endif:
y5(ittk] = yS[ittk] + 1:
endo:
c5[ittk]=cc5[cindS(y5(ittk]]]:
y0O0=v5[cind5(y5[ittk]]];
p000=v5;
fttk=ittk+l;
endo;
test sumc(cS(1l:ittn]');
itto ittm - 1;
if dftto © 17
yl = ones{l,n);

else;
yl(l:itto] = y5([l:iitto};
endif;
yl = y5;
/* test=start;*/
goto nystart;
endif;

yes = "yes";

no = "no";

timel=date:
rtime=ethsec(timeO,timel);
rtime=rtime/100;

rtime0 = rtime0 + rtime;
if pp >= ppmax;

output file = ~file3 on;

print PO T T2 & T R e L e e R e L e e s

print "Runtime for this search in secs = " rtime;

print "Total runtime in secs = " rtime0;
print;

format /rd 8,1;

print "Greatest sum in preceeding searches: " ppmax;

print "Sector ordering with greatest sum: L

format /rd 6,4;
print "Degree of linearity: " rnkmax;



format /rd 4,0;:

print pmax;

print;

format /rd B,1;

print "Greatest sum in this search: " pp:
print "Sector ordering in this search: ";
format /rd 6,4;

print "Degree of linearity: " prank;
format /rd 4,0;

print p4;

print;

print "Initial number of sectors in search tree:" nto;
print "Current number of sectors in search tree:" nt;
print;

prlnt ﬂﬁt't'tt'tff*ibitt'ﬁttt’tt'wt'ttt-*w!ﬂfti-ttt"iﬁt'ﬁt'wtttiwttn *
output file = ~file3 off;

print "Continue?";

print "Answer Yes or No™";

answer = cons;

ppmax = pp;
rnkmax=prank;
pmax = p4;:
else;

if nt < m;
answer = yes;
else;

answer = noj
endif;

endif;

1f answer $== vyes;
y5 = ones(l,n);
y2 = y5;
pS = zeros(l,n):
c5 = p5;
y00 = O;
pO00=talserie(n);:
ittx = 1;
do until ittk > n;
vS=urval (y00,p000);
z0=submat (z,v5,v5);
ccS=sumec(z0);
cindS=rev(sortind{ccS));
kantc5 = n = ittk + 1;
do while y5(ittk] <= kantc5;
pS[ittk])=v5[cind5(yS(ittk)]];
if p5({ittk] == pmax[ittk];
break:
endif;
y5{ittk] = y5[ittk] + 1;:
endo;
cS(ittk]=cc5(cind5(y5([ittk]]];
y00=v5(cindS[yS[ittk])]];
p000=v5;
ittk=ittk+1;
endo;
if pp == ppmax;
¥l = ones(l,n);
else;
yl = y5;
endif;
nt = ot + 1;
test = start;
timeO=date;
goto nynt;
elseif answer S$== no;
goto stopp:
endif;
stopp:
output file = ~“file3 on;

print n-awuctttotngtti*twtvt*wttﬁttwttw-ttitt**rtt'st*w-tttt*tﬂ*t*rr.

print "Runtime for this search in secs: " rtime;
print "Total runtime in secs: " rtimeQ;
print;

format /rd 8,1;

print "Greatest sum for all searches: " ppmax;
print "Sector ordering with greatest sum: i

format /rd 6,4;

print "Degree of linearity: g " rnkmax;

format /rd 4,0;
print pmax;



print;

print "Initial number of sectors in search tree:" ntQ;

print "Current number of sectors in search tree:" nt;
print. Fraraapapeapapararpe T T2 2 TR S LA S A S R S A A A AR A A A A A A A AR A AL AL LA LA LALE S A
i

output file = ~file3 off;
end;

#linesoff;
PROC (1) = talserie(n);
/* Procedure till algtri.prg */:
LOCAL 1i,serie;
i=0;
serieszeros(l,n);
do while 1 < n;
i=i+1;:
serie[l,1]=1;
endo;
RETP(serie);
ENDP;

#linesoff;

Proc (1) = urval(ynell,pnell);

/% Procedure till algtri.prg */;

/* v,lier sektorer till matris z0
LOCAL vnoll,vett,vtva,vtre;
vnoll=pnoll./=ynoll;
vett=vnoll.*pnoll;
vitva=miss(vett,0);
vtrempackr(vtva');
vett=vtre';
RETP(vett):

ENDE:

#linesoff;

PROC (1) = zeta(x);

/* Procedure till algtri.prg */
LOCAL 1l,u,d,dabs,zij,zji,z;
l=lowmatl(x):
u=lowmatl(x'};
d=1-u;
dabs=abs(d):
zij=d-dabs;
zji=d+dabs:
z=zij-z3i':

RETP(zZ);

ENDE;

w/;
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Triangularized input-output tables
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Svensk resumé

Triangularisering av input-outputtabeller anvinds vanligen som ett medel att gora interna-
tionella och intertemporala jamforelser av hierarkiska produktionsstrukturer. Triangularise-
ringsproblemet 15ses traditionellt som ett maximeringsproblem; namligen att finna den storsta
summan av element under huvuddiagonalen i en input-outputtabell genom att permutera
ordningen mellan tabellens sektorer. Det antal permutationer som maste undersokas for att
hitta denna optimala l6sning 6kar med antalet sektorer i tabellen. Ju fler sektorer desto effek-

tivare méste en losningsalgoritm kunna begrinsa antalet permutationer som undersoks.

Triangulariseringsproblemet betraktas hir som ett maximeringsproblem och nodvandiga samt
tillrickliga villkor formulerades i teorem 1. Vi presenterade en branch-and-bound-lalgoritm
som drar fordel av dessa villkor for att begriinsa antalet undersokta permutationer for att
finna den optimala 16sningen. Vi definierade ocksa villkor for en suboptimal &sning, i teorem
2, med ett antal sektorer i soktradet som ar mindre &n det totala antalet sektorer. Det
bevisades, i teorem 3, att den optimala lsningen 4r gréins for de suboptimala 16sningarna nért

antalet sektorer i soktradet gir mot det totala antalet sektorer.

Algoritmens konvergensegenskaper illustreras genom att berékna suboptimala 16sningar till
input-outputtabellerna for de fyra nordiska linderna Danmark, Finland, Norge och Sverige.
Vi undersoker ocksi den intertemporala likheten i hierarkiska produktionsstrukturer for de
nordiska linderna. Uppsatsen stoder resultaten frin andra undersokningar om att produk-
tionsstrukturer liknar varandra olika linder. Den hierarkiska likheten i produktionsstrukturer
bland olika linder stir sig ocksa éver tiden for Danmark, Finland, Norge och Sverige.
Appendix I innehaller detaljerade tabeller som visar kovergensegenskaperna och likheten i
produktionsstrukturer. Appendix II ger datorprogram och appendix IIT redovisar triangulari-

serade input-outputtabeller for Danmark, Finland, Norge och Sverige.
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